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Which tool ?

Which tool ?

Symmetry↔ Invariance↔ Group Theory
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Which tool ?

Definition

A group is a set G, together with an internal law ∗ that combines any
two elements a and b to form another element, denoted a ∗ b or
simply a b that is in G.
To qualify as a group, the set and the operation, (G, ∗), must satisfy four requirements :

Closure : For all a, b in G, the result of the operation, c = a ∗ b, is also in G.

Associativity :For all a, b and c in G, (a ∗ b) ∗ c = a ∗ (b ∗ c).

Identity element :There exists an element e in G, such that for every element a in G, the equation
e ∗ a = a ∗ e = a holds. Such an element is unique (see below), and thus one speaks of the identity
element.

Inverse element :For each a in G, there exists an element b in G such that a ∗ b = b ∗ a = e, where e is
the identity element.
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Which tool ?

Group action theory

The action of a group G on a mathematical structure M whose
automorphism group is Aut(M), is defined by the homomorphism φ :

G φ−→ Aut(M) such that ∀a,b ∈ G, φ(ab) = φ(a).φ(b)

Example :

e a b c
a e c b
b c e a
c b a e

φ−→


×1 on the set M = {1} → φ0 : 1 1 1 1

×± 1 on the set M = {1,−1} →


φ1 : 1 −1 1 −1
φ2 : 1 1 −1 −1
φ3 : 1 −1 −1 1
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Which tool ?

Standard representation

G φ−→ Aut(Rn)

where Aut(Rn) are the isometries of Rn.

G φ−→ φ(g) r = (g|t)r = gr + t

or in reciprocal space :

G φ−→ φ(g) |q〉 = (ĝ|t)|q〉 = |gq〉e2iπgq.t

(ĝ|t) =
∑
q∈Λ∗

|gq〉e2iπgq.t〈q|
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Other representations : Phases trans-
formations G→ H
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Which tool ?

Group action and crystallography

Let g.m stands for φ(g)m, the transform of m ∈ M by g ∈ G :

the orbit G.m is the set of the transforms of m by G ;

the elements of G which leave m ∈ M unchanged make a subgroup Gm called the stabilizer or little group
of m

By restriction, the action G
φ−→ Aut(M) defines an action on M for any subgroup H of G ; then

Hm = H ∩ Gm .
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Which space ?
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Which space ?

Symmetry is best defined in reciprocal
space

D. Mermin

Any geometric operation that transforms a solid into another one with
identical correlation functions to any finite order n can be qualified as
a symmetry operation of the solid in the sense that the operation
leads to a solid that is physically indistinguishable from the first one.
For a crystal of lattice Λ :

%(r) =
∑

qi∈Λ∗

ρ(qi )e2iπqi .r

the correlation function to order N is defined by :

cN(r1, r2, . . . , rN) =

∫
%(r − r1) . . . %(r − rN)d3r
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Which space ?

Symmetry is best defined in reciprocal
space

Correlation functions are best expressed in Fourier space :∫
%(r − r1) . . . %(r − rN)d3r =

∑
q1,...,qn

ρ(q1) . . . ρ(qN)e−2iπ(q1.r1+...+qn.rn)

×
∫

e2iπ(q1+...+qN ).r d3r

The integral is non zero only for wave vectors q1, . . . ,qN such that
q1 + . . .+ qN = 0.
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What physical significance ?

Indiscernability principle

There is an indiscernability between two densities %(r) and %′(r) if all
the correlation functions to any finite order are equal between the two
structures making them physically undistinguishable .
This imposes the product of the Fourier coefficients on a closed path
to be equal :

ρ(q1) . . . ρ(qN) = ρ′(q1) . . . ρ′(qN), with q1 + . . .+ qN = 0
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What physical significance ?

Remarkable phases relations (1)
Because the density %(r) takes real values, ρ(−q) = ρ̄(q) and thus :

|ρ(q)|2 = ρ(q)ρ(−q) = ρ′(q)ρ′(−q) = |ρ′(q)|2

Two undistinguishable densities have Fourier coefficients that differ
only by a phase factor :

ρ′(q) = ρ(q)e2iπχ(q) (1)

Then :

ρ′(−q)ρ′(q) = ρ(−q)e2iπχ(−q)ρ(q)e2iπχ(q) = ρ(−q)ρ(q)

and thus :
χ(−q) = −χ(q)
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What physical significance ?

Remarkable phases relations (2)
Next, considering the closed path { q1,q2,−(q1 + q2)}, we observe
that :

ρ′(q1)ρ′(q2)ρ′(−(q1 + q2)) = ρ(q1)e2iπχ(q1)ρ(q2)e2iπχ(q2)

× ρ(−(q1 + q2))e2iπχ(−(q1+q2))

= ρ(q1)ρ(q2)ρ(−(q1 + q2))

and therefore :

χ(q1) + χ(q2) + χ(−(q1 + q2)) = χ(q1) + χ(q2)− χ(q1 + q2) = 0

so that :
χ(q1 + q2) = χ(q1) + χ(q2) (2)

The phase factors between the Fourier coefficients of two
undistinguishable densities are linear forms in q.
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What physical significance ?

Remarkable phases relations (3)

Considering now ĝ an operation of the point group of the crystal, the
indiscernability principle imposes :

ρ(ĝq) = e2iπΦg(q)ρ(q) (3)

Using similar arguments as previously with the closed paths
{ĝq,−ĝq} and {ĝq1, ĝq2,−ĝ(q1 + q2)} and noting that
ĝ(q1 + q2) = ĝq1 + ĝq2 we obtain :

Φg(−q) = −Φg(q), Φg(q1 + q2) = Φg(q1) + Φg(q2) (4)
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What physical significance ?

Remarkable phases relations (4)

Also, explicit writing of the product ĝh of two operations ĥ and ĝ of
the indiscernability group leads to the group compatibility relation :

Φgh(q) = Φg(ĥq) + Φh(q) (5)

and, finally, two distributions related by :

Φ′g(q) = Φg(q) + χ(ĝq)− χ(q) (6)

are equivalent (gauge invariance).
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What physical significance ?

N-dim crystallography
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% = (σ ∗ Λ) · µ‖ %̃ = (σ̃ · Λ∗) ∗ µ⊥∗
µ‖ = 1‖ ⊗ δ⊥, µ⊥∗ = µ̃‖ = δ‖∗ ⊗ 1⊥∗
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What physical significance ?

Superspace groups

The agreement of the superspace group approach with the
indiscernability criteria is trivial : with no loss of generality, the basic
linearity in q of the relations between phases shows that they are
associated with scalar products q.t in the superspace :

Φg(q) = ĝq.t and χ(q) = q.t (7)

Formula (7) are sufficient to fulfill all the phase relations imposed by
the indiscernability principle.
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What physical significance ?

Superspace groups are indiscernabi-
lity groups

The indiscernability group of a quasicrystal or incommensurate phase
— the Fourier carrier of which is a Z-module of rank N — is the
N-dim superspace group :

any two locally isomorphic structures have same correlation
functions to any finite order and are therefore physically
undistinguishable from each other ;

the operations that transform into each other two locally
isomorphic structures (obtained by two distinct but parallel cuts)
are indiscernability operations.

the superspace group is the pertinent symmetry tool to be
considered in physics for the purpose of describing the
thermodynamical aspect of phases transformations between
quasicrystals and crystals.
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Examples

Standard and generalized Penrose ti-
lings. . .
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Examples

. . . are not equivalent !
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Examples

Symmetry of translation
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Examples

Y. Meyer harmonious ensembles
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Further examples

Substitution tilings
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Further examples

The hidden mirror
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What next ?

The ”Pinwheel” tiling of J. H. Conway
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